THE CHINESE UNIVERSITY OF HONG KONG
DEPARTMENT OF MATHEMATICS

MATHI1010H/1/J University Mathematics 2017-2018
Assignment 4
Due Date: 5 Mar 2018 (Mon)

d
1. Find dﬁ if

T
(a) y = log)(2” + 52) (d) y= S“;x @) y= o@D
(x4 1)5
b =sinzlnx Y g
( )y (e)y xr-e —|—1 (h)y:xcosa:
c) y=axcscx f) y = ecot= i) y=tan" 'tz
(c) v ) vy (i) y

2. Let C be a curve defined by the equation 3 + 2zy + y* = 1.
Show that (0,1) is a point lying on C and find the equation of tangent line at that point.

3. Suppose that f : R — R is a differentiable function. Show that if f is an odd function, then its

derivative f’ is an even function.
4. Let f : R — R be a function defined by

f(a:)z{ 14+ x4+ 22 ?f x>0,
14z if x<0.

(a) Show that f(z) is differentiable at z = 0.

(b) Write down the function f/(z) explicity.

(c) Is f'(x) differentiable at x = 07 Why?

5. Let f: R — R be a function defined by

f2) = ? sin(%) it x#0,
0 if z=0.

(a) Show that f(zx) is differentiable at = = 0.
(b) Write down the function f’(z) explicity.
(c) Is f'(x) differentiable at = 0?7 Why?

6. Let f: R — R be a non-constant function satisfying

o flz+y)=f(x)+ fly) + f(x)f(y) for all z,y € R
f(h)

e lim ——= = qa, where a is a real number
h—0 h

(a) Show that
(i) fO)(1+ f(x)) =0for all z € R;
(i) f(0) = 0;



(i) f(x) # —1 for all x € R.
(Hint: Suppose that f(yo) = —1 for some yo € R, consider f(z) = f((x —yo) + yo) to

obtain contradiction.)

(b) By considering f(z) = f(g + g), show that f(x) > —1 for all z € R.

(c) Prove that f is a differentiable function and f’(x) = a(1+ f(z)) for all z € R.
Furthermore, show that a # 0.

(d) By considering the derivative of the function In(1 + f(x)), prove that f(z) = e** — 1.

7. By using the mean value theorem, show that

(a) 1_i_iac<ln(1+x)<xforx>0;

() ny" Mz —y) <z —y" <nz" z—y)forn>1land 0 <y < z.

2x z3
8. Show that In(1 + z) — Gy <13 for = > 0.

T n n+1
9. If f(z) = m

Show that f(z) is strictly increasing on (0,4o0c). Hence show that

where x > 0 and n is a positive integer.

1 1

1+ )< (14 —)"L
(+n) (+n+1)

10. (a) Let h(z) = ﬁ for > 1. Show that h(x) > e for all z > 1.

b
b) Let f(x) = T for b,z > 1. Show that f(z) is strictly increasing on (1,
bx

b
decreasing on (m, +00).

b .
m) and strictly

¢) Using (b) to show that if 1 < a < b < e, then a® < b®.
(c) g



